A remark on the frequent hypercyclicity criterion for weighted
  composition semigroups and an application to the linear von Foerster-Lasota
  equation by Kalmes, Thomas
ar
X
iv
:1
41
0.
76
97
v1
  [
ma
th.
FA
]  
28
 O
ct 
20
14
A REMARK ON THE FREQUENT HYPERCYCLICITY
CRITERION FOR WEIGHTED COMPOSITION SEMIGROUPS
AND AN APPLICATION TO THE LINEAR VON
FOERSTER-LASOTA EQUATION
T. KALMES
Abstract. We generalize a result for the translation C0-semigroup on Lp(R+, µ)
about the equivalence of being chaotic and satisfying the Frequent Hypercyclic-
ity criterion due to Mangino and Peris [8] to certain weighted composition C0-
semigroups. Such C0-semigroups appear in a natural way when dealing with
initial value problems for linear first order partial differential operators. We
apply our result to the linear von Foerster-Lasota equation arising in mathe-
matical biology. Weighted composition C0-semigroups on Sobolev spaces are
also considered.
1. Introduction
The purpose of this article is to generalize a result about the dynamical behaviour
of the translation C0-semigroup on L
p(R+, µ) to a larger class of certain weighted
composition C0-semigroups on L
p(Ω, µ), where µ is a Borel measure on an open
subset Ω of R admitting a strictly positive Lebesgue density ρ. Recall that a C0-
semigroup T on a separable Banach space X is called chaotic if T is hypercyclic, i.e.
if there is x ∈ X such that {T (t)x; t ≥ 0} is dense in X , and if the set of periodic
points, i.e. {x ∈ X ; ∃t > 0 : T (t)x = x}, is dense in X .
Adapting the notion of frequent hypercyclicity, which was introduced by Bayart
and Grivaux in 2005 for a single operator [3], a C0-semigroup T is called frequently
hypercyclic if there is x ∈ X such that for every non-empty, open U ⊆ X
dens{t ≥ 0; T (t)x ∈ U} > 0,
where the lower density dens(M) of a Lebesgue measurable subset M of [0,∞) is
defined as
dens(M) := lim inf
t→∞
λ(M ∩ [0, t])
t
,
where λ denotes Lebesgue measure. In [8], Mangino and Peris gave a sufficient
condition for a C0-semigroup to be frequently hypercyclic, the so-called Frequent
Hypercyclicity criterion. It was shown by Murillo-Arcila and Peris in [9] that the
hypotheses of the Frequent Hypercyclicity criterion even imply the existence of a
strongly mixing Borel probability measure with full support for the C0-semigroup
T . Moreover, by [8, Proposition 2.6], for every t0 > 0, the operator T (t0) is chaotic
whenever the C0-semigroup T satisfies the Frequent Hypercyclicity criterion. In
particular, T is then chaotic. By [8, Proposition 3.3], the translation C0-semigroup
on Lp(R+, µ), defined by T (t)f(x) = f(x+ t), satisfies the Frequent Hypercyclicity
criterion if and only if the translation C0-semigroup is chaotic.
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For Ω ⊆ R open and a Borel measure µ on Ω admitting a strictly positive Lebesgue
density ρ we consider C0-semigroups T on L
p(Ω, µ), 1 ≤ p <∞, of the form
T (t)f(x) = ht(x)f(ϕ(t, x)),
where ϕ is the solution semiflow of an ordinary differential equation
x˙ = F (x)
in Ω and
ht(x) = exp
( ∫ t
0
h(ϕ(s, x))ds
)
with h ∈ C(Ω). Such C0-semigroups appear in a natural way when dealing with
initial value problems for linear first order partial differential operators. Under mild
assumptions on F and h, in section 2 we prove that, as in the case of the translation
C0-semigroup, these C0-semigroups satisfy the Frequent Hypercyclicity criterion if
and only if they are chaotic.
As an application of this result we show that for the von Foerster-Lasota C0-
semigroup on Lp(0, 1) the properties of being hypercyclic, chaotic, or frequently
hypercyclic are equivalent.
In section 3, we also consider weighted composition C0-semigroups on the closed
subspace
W 1,p∗ [a, b] = {f ∈ W
1,p[a, b]; f(a) = 0}
of the Sobolev space W 1,p[a, b] over the compact interval [a, b], and we prove that
the same equivalence between chaos and the Frequent Hypercyclicity criterion holds
on W 1,p∗ [a, b]. It should be mentioned that such semigroups are never hypercyclic
in the whole space W 1,p[a, b], as shown in [2].
2. The Frequent Hypercyclicity Criterion applied to weighted
composition C0-semigroups
A sufficient condition for a C0-semigroup T on a separable Banach space X to
be frequently hypercyclic, the so called Frequent Hypercyclicity criterion, is the
following result due to Mangino and Peris, see [8, Theorem 2.2].
Theorem 1. Let T be a C0-semigroup on a separable Banach space X. If there
exist X0 ⊂ X dense in X and maps St : X0 → X, t ≥ 0, such that
i) T (t)Stx = x, T (t)Srx = Sr−tx for all r > t > 0 and x ∈ X0,
ii) t 7→ T (t)x is Pettis integrable in [0,∞) for all x ∈ X0,
iii) t 7→ Stx is Pettis integrable in [0,∞) for all x ∈ X0,
then T is frequently hypercyclic.
Let Ω ⊆ R be open and let F : Ω → R be a C1-function. Hence, for every x0 ∈ Ω
there is a unique solution ϕ(·, x0) of the initial value problem
x˙ = F (x), x(0) = x0.
Denoting its maximal domain of definition by J(x0) it is well-known that J(x0) is
an open interval containing 0. We make the general assumption that Ω is forward
invariant under F , i.e. [0,∞) ⊂ J(x0) for every x0 ∈ Ω, that is ϕ : [0,∞)→ Ω. This
is true, for example, if Ω = (a, b) is a bounded interval and if F can be extended to
a C1-function defined on a neighborhood of [a, b] such that F (a) ≥ 0 and F (b) ≤ 0
(cf. [1, Corollary 16.10]).
From the uniqueness of the solution it follows that ϕ(t, ·) is injective for every
t ≥ 0 and t + s ∈ J(x) whenever s ∈ J(x), t ∈ J(ϕ(s, x)) and then ϕ(t +
s, x) = ϕ(t, ϕ(s, x)). Moreover, for every t ≥ 0 the set ϕ(t,Ω) is open and for
x ∈ ϕ(t,Ω) we have [−t,∞) ⊂ J(x) as well as ϕ(−s, x) = ϕ(s, ·)−1(x) for all
s ∈ [0, t]. Since F is a C1-function it is well-known that the same is true for
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ϕ(t, ·) on Ω and ϕ(−t, ·) on ϕ(t,Ω) for every t ≥ 0. We denote their derivatives
by ∂2ϕ(t, x) and ∂2ϕ(−t, x), respectively. We then have ∂2ϕ(−t, ϕ(t, x))∂2ϕ(t, x) =
1 = ∂2ϕ(t, ϕ(−t, x))∂2ϕ(−t, x).
Because F ∈ C1(Ω) it is well known that for x ∈ Ω and t ∈ J(x) there is a
neighborhood U of x in Ω such that t ∈ J(y) for every y ∈ U and that ϕ(t, ·) is
differentiable in U . We denote its derivative by ∂2ϕ(t, ·). We then have
(1) ∀ t ≥ 0 : ∂2ϕ(t, x) = exp(
∫ t
0
F ′(ϕ(s, x))ds) > 0
and
∀ r ≥ 0, x ∈ ϕ(r,Ω), t ∈ [0, r] : ∂2ϕ(−t, x) = exp(−
∫ 0
−t
F ′(ϕ(s, x)ds),
see e.g. [2, Proposition 11].
Moreover, let h ∈ C(Ω) and define for t ≥ 0
ht : Ω→ C, ht(x) = exp(
∫ t
0
h(ϕ(s, x))ds).
For 1 ≤ p < ∞ and a measurable function ρ : Ω → (0,∞) let Lpρ(Ω) be as usual
the Lebesgue space of p-integrable functions with respect to the Borel measure ρdλ,
where λ denotes Lebesgue measure. If Ω is forward invariant under F the operators
T (t) : Lpρ(Ω) → L
p
ρ(Ω), (T (t)f)(x) := ht(x)f(ϕ(t, x)) (t ≥ 0)
are well-defined continuous linear operators defining a C0-semigroup TF,h on L
p
ρ(Ω)
if ρ is p-admissible for F and h, i.e. if there are constants M ≥ 1, ω ∈ R with
∀ t ≥ 0, x ∈ Ω : |ht(x)|
pρ(x) ≤Meωtρ(ϕ(t, x)) exp(
∫ t
0
F ′(ϕ(s, x))ds),
(see [2]). Because |ht(x)|p = exp(p
∫ t
0 Reh(ϕ(s, x))ds) it follows that ρ = 1 is p-
admissible for any p if Reh is bounded above and F ′ is bounded below, i.e. in
this case the above operators define a C0-semigroup TF,h on the standard Lebesgue
spaces Lp(Ω). Under mild additional assumptions on F and h the generator of this
C0-semigroup is given by the first order differential operator Af = Ff
′ + hf on a
suitable subspace of Lp(Ω) (see [2, Theorem 15]).
If ρ is p-admissible for F and h it follows from [6, Lemma 7] that χI ∈ Lpρ(Ω)
for each compact interval I ⊂ Ω\{F = 0}. The main result of this article is the
following theorem.
Theorem 2. Let Ω ⊆ R be an open interval which is forward invariant under
F ∈ C1(Ω), and let h ∈ C(Ω) be such that F ′ and Reh are bounded and
a) There is γ ∈ R such that h(x) = γ for all x ∈ {F = 0}.
b) With α := inf Ω and ω := supΩ the function
Ω→ C, y 7→
Imh(y)
F (y)
belongs to L1((α, β)) for all β ∈ Ω or to L1((β, ω)) for all β ∈ Ω.
Moreover, let ρ be p-admissible for F and h. Then the following are equivalent.
i) TF,h is chaotic in L
p
ρ(Ω).
ii) X0 := span{χI ; I ⊆ Ω\{F = 0} compact interval} is a dense subspace of
Lpρ(Ω) and TF,h satisfies the Frequent Hypercyclicity criterion with X0 and
linear mappings St : X0 → Lpρ(Ω) which are given by
StχI := χϕ(t,Ω)(·)ht(ϕ(−t, ·))
−1χI(ϕ(−t, ·))
for a closed interval I ⊂ Ω\{F = 0}.
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iii) TF,h satisfies the Frequent Hypercyclicity criterion.
Remark 3. It is shown in [7] that under the hypothesis of Theorem 2 the C0-
semigroup TF,h is chaotic if and only if λ({F = 0}) = 0 and for each connected
component C of Ω\{F = 0}
∫
C
exp(−p
∫ w
x
Reh(y)
F (y)
dy)ρ(w)dλ(w) <∞
for some/all x ∈ C.
For the special case of the translation semigroup on Lpρ(R+), i.e. F (x) = 1 and
h = 0 so that ϕ(t, x) = x + t and ht = 1, the above result is [8, Proposition 3.3].
The proof of Theorem 2 is along the same lines as the proof of [8, Proposition
3.3], although in the general case, it is more involved. We begin by providing the
following auxiliary result.
Lemma 4. Let Ω ⊆ R be open and forward invariant under F ∈ C1(Ω). Then, for
every compact interval I ⊂ Ω\{F = 0} there is C > 0 such that
∫
[0,∞)
χϕ(t,I)(y)dλ(t) ≤ C and
∫
[0,∞)
χI(ϕ(t, y))dλ(t) ≤ C
for every y ∈ Ω.
Proof. Let I = [a, b]. Because ∂2ϕ(t, x) > 0 by (1) we have ϕ(t, I) = [ϕ(t, a), ϕ(t, b)].
It is easy to check that
χϕ(t,I)(y) = χ(−∞,y](ϕ(t, a))χ[y,∞)(ϕ(t, b))
so that
(2)
∫
[0,∞)
χϕ(t,I)(y)dλ(t) =
∫
[0,∞)
χ(−∞,y](ϕ(t, a))χ[y,∞)(ϕ(t, b))dλ(t).
We now consider the case when F|I > 0. Then there is a unique s > 0 such
that ϕ(s, a) = b so that with (2) and 0 < F (ϕ(t, a)) = ∂1ϕ(t, a) we obtain by an
application of the Transformation Formula for Lebesgue integrals∫
[0,∞)
χϕ(t,I)(y)dλ(t) =
∫
[0,∞)
χ(−∞,y](ϕ(t, a))χ[y,∞)(ϕ(s, ϕ(t, a)))dλ(t)
=
∫
[0,∞)
χ(−∞,y](ϕ(t, a))χ[y,∞)(ϕ(s, ϕ(t, a)))
F (ϕ(t, a))
F (ϕ(t, a))
dλ(t)(3)
=
∫
[a,ω)
χ(−∞,y](r)χ[y,∞)(ϕ(s, r))
1
F (r)
dλ(r),
where ω = limt→∞ ϕ(t, a). Clearly, if y /∈ [a, ω) we have
χ(−∞,y](r)χ[y,∞)(ϕ(s, r)) = 0,
so that without loss of generality we may assume y ∈ [a, ω). If y ≤ b we obviously
have χ(−∞,y](r) ≤ χ(−∞,b](r) so that we further obtain
(4)
∫
[a,ω)
χ(−∞,y](r)χ[y,∞)(ϕ(s, r))
1
F (r)
dλ(r) ≤
∫
[a,b]
1
F (r)
dλ(r).
Now, if y > b we derive from y ∈ [a, ω) and b = ϕ(s, a) that for some u > s we have
y = ϕ(u, a) = ϕ(s, ϕ(u − s, a)), in particular y ∈ ϕ(s,Ω). Taking into account that
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ϕ(−s, y) ≥ ϕ(−s, b) = a this gives
∫
[a,ω)
χ(−∞,y](r)χ[y,∞)(ϕ(s, r))
1
F (r)
dλ(r) =
∫
[a,ω)
χ(−∞,y](r)χ[ϕ(−s,y),∞)(r)
1
F (r)
dλ(r)
=
∫
[ϕ(−s,y),y]
1
F (r)
dλ(r)
=
∫
ϕ(·,y)([−s,0])
1
F (r)
dλ(r)(5)
=
∫
[−s,0]
1
F (ϕ(r, y))
∂1ϕ(r, y)dλ(r)
= s,
where we invoked the Transformation Formula as well as ∂1ϕ(s, y) = F (ϕ(s, y))
once more. Combining (2)-(5) we obtain in case of F|I > 0∫
[0,∞)
χϕ(t,I)(y)dλ(t) ≤ max{
∫
I
1
F (r)
dλ(r), s}.
Let us now turn to the case F|I < 0. Then there is a unique s > 0 with ϕ(s, b) = a.
Repeating the above calculations mutatis mutandis gives∫
[0,∞)
χϕ(t,I)(y)dλ(t) ≤ max{
∫
I
1
−F (r)
dλ(r), s},
which proves that
{
∫
[0,∞)
χϕ(t,I)(y)dλ(t); y ∈ Ω}
is bounded above.
In order to prove that
{
∫
[0,∞)
χI(ϕ(t, y))dλ(t); y ∈ Ω}
is bounded above as well, we observe that if ϕ(t, y) ∈ I for some t ≥ 0 then y
belongs to the connected component of Ω\{F = 0} containing I. Thus, unless
χI(ϕ(t, y)) = 0 for every t ≥ 0 we have with J = {ϕ(t, y); t ≥ 0}∫
[0,∞)
χI(ϕ(t, y))dλ(t) =
∫
[0,∞)
χI(ϕ(t, y))
|∂1ϕ(t, y)|
|F (ϕ(t, y))|
dλ(t)
=
∫
J
χI(r)
1
|F (r)|
dλ(r)
≤
∫
I
1
|F (r)|
dλ(r).
Since the last intergal above is independent of y this proves the lemma. 
Proof of Theorem 2. If TF,h satisfies the Frequent Hypercyclicity criterion TF,h(t0)
is chaotic for every t0 > 0 by [8, Proposition 2.6]. Thus, we only have to show that
i) implies ii).
So let TF,h be chaotic. It follows from [7, Theorem 1] that λ({F = 0}) = 0 so that
X0 := span{χI ; I ⊆ Ω\{F = 0} compact interval},
is a dense subspace of Lpρ(Ω).
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We define for x ∈ Ω, p ≥ 1, and t ≥ 0
ρt,p(x) = χϕ(t,Ω)(x)|ht(ϕ(−t, x))|
p exp(
∫ −t
0
F ′(ϕ(s, x))ds) ρ(ϕ(−t, x))
= χϕ(t,Ω)(x) exp(p
∫ t
0
Reh(ϕ(s, ϕ(−t, x)))ds) exp(
∫ −t
0
F ′(ϕ(s, x))ds) ρ(ϕ(−t, x))
as well as
ρ−t,p(x) = |ht(x)|
−p exp(
∫ t
0
F ′(ϕ(s, x))ds) ρ(ϕ(t, x))
= exp(−p
∫ t
0
Reh(ϕ(s, x))ds) exp(
∫ t
0
F ′(ϕ(s, x))ds) ρ(ϕ(t, x)).
Then ρ0,p = ρ and ρt,p ≥ 0 for every t ∈ R, and for fixed x ∈ Ω the mapping
t 7→ ρt,p(x) is Lebesgue measurable.
By [6, Lemma 7], for every [a, b] ⊆ Ω\{F = 0} there is C > 0 such that
(6) ∀ t ∈ R, x ∈ [a, b] :
1
C
ρt,p(α) ≤ ρt,p(x) ≤ Cρt,p(β),
where α := a and β := b in case of F|[a,b] > 0, respecitvely α := b and β := a in
case of F|[a,b] < 0.
For a compact interval I ⊂ Ω\{F = 0} and t ≥ 0 we set
StχI := χϕ(t,Ω)(·)ht(ϕ(−t, ·))
−1χI(ϕ(−t, ·)).
Since for every x ∈ ϕ(t,Ω)\{F = 0} we have ∂2ϕ(t, ϕ(−t, x))∂2ϕ(−t, x) = 1 and
ϕ(−t, x) > 0 it follows
‖StχI‖
p =
∫
Ω
χϕ(t,Ω)(x)|ht(ϕ(−t, x))|
−pχI(ϕ(−t, x))ρ(x)dλ(x)
=
∫
Ω
χϕ(t,Ω)(ϕ(t, ϕ(−t, x))|ht(ϕ(−t, x))|
−pχI(ϕ(−t, x))∂2ϕ(t, ϕ(−t, x))
·ρ(ϕ(t, ϕ(−t, x))∂2ϕ(−t, x)dλ(x)
=
∫
Ω
|ht(y)|
−pχI(y)∂2(ϕ(t, y))ρ(ϕ(t, y))dλ(y)(7)
=
∫
Ω
|ht(y)|
−pχI(y) exp(
∫ t
0
F ′(ϕ(s, y)ds)ρ(ϕ(t, y))dλ(y)
=
∫
I
ρ−t,p(y)dλ(y)
≤ Cρ−t,p(β),
where C > 0 depends on I, and β = sup I if F|I > 0, respecitvely β = inf I if
F|I < 0 by (6). Thus, StχI ∈ L
p
ρ(Ω). It is easy to see that StχI = StχI0 + StχI\I0
for closed intervals I0 ⊆ I ⊆ Ω\{F = 0}. Hence, we can extend St to a linear
mapping from X0 into L
p
ρ(Ω).
Moreover, it is straight forward to check that for a closed and bounded interval
I ⊆ Ω\{F = 0} we have
∀ t > 0 : TF,h(t)StχI = χI
as well as
∀ r > t > 0 : TF,h(t)SrχI = Sr−tχI ,
so that by the linearity of TF,h(t) and St on X0 hypothesis i) of the Frequent
Hypercyclicity criterion is satisfied.
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In order to show that conditions ii) and iii) of the Frequent Hypercyclicity criterion
also hold we observe that by the linearity of TF,h(t) and St on X0 we have to show
the Pettis integrabiliy of
[0,∞)→ Lpρ(Ω), t 7→ TF,h(t)χI and [0,∞)→ L
p
ρ(Ω), t 7→ StχI
for every compact interval I ⊂ Ω\{F = 0}. In order to do so, we distinguish two
cases.
First we assume p = 1. From (7) we then obtain
∫
[0,∞)
‖StχI‖dλ(t) ≤ C
∫
[0,∞)
ρ−t,1(β)dλ(t).
Since TF,h is chaotic, it follows from [7, Theorem 1 and Remark 6] that the integral
on the above right hand side is finite. Thus,
[0,∞)→ L1ρ(Ω), t 7→ StχI
is in particular Pettis integrable. Moreover, for a compact interval I ⊆ Ω\{F = 0}
we derive
‖TF,h(t)χI‖ =
∫
Ω
|ht(x)|χI(ϕ(t, x))ρ(x)dλ(x)
=
∫
Ω
|ht(ϕ(−t, ϕ(t, x)))|χI (ϕ(t, x))ρ(ϕ(−t, ϕ(t, x)))
·∂2ϕ(−t, ϕ(t, x))∂2ϕ(t, x)dλ(x)
=
∫
ϕ(t,Ω)
|ht(ϕ(−t, x))|χI (x)∂2ϕ(−t, x)ρ(ϕ(−t, x))dλ(x)
=
∫
I
ρt,1(x)dλ(x)
≤ Cρt,1(β),
where C > 0 depends on I and where we used again ∂2ϕ(−t, ϕ(t, x))∂2ϕ(t, x) = 1
and (6), and where again β = sup I in case of F|I > 0, respectively β = inf I in
case of F|I < 0. Therefore, we obtain
∫
[0,∞)
‖TF,h(t)χI‖dλ(t) ≤ C
∫
[0,∞)
ρt,1(β)dλ(t).
Since TF,h is chaotic it follows from [7, Theorem 1 and Remark 6] that the integral
on the right hand side of the above inequality is finite so that
[0,∞)→ L1ρ(Ω), t 7→ TF,h(t)χI
is in particular Pettis integrable. So in case p = 1 the theorem is proved.
To finish the proof we now consider the case p > 1. Let q ∈ (1,∞) be the exponent
conjugate to p, i.e. 1/p + 1/q = 1. We fix g ∈ Lqρ(Ω). For a compact interval
I ⊂ Ω\{F = 0} it follows for t > 0, applying the Transformation Formula again,
〈g, StχI〉 =
∫
Ω
g(x)χϕ(t,Ω)(x)ht(ϕ(−t, x))
−1χI(ϕ(−t, x))ρ(x)dλ(x)
=
∫
ϕ(t,Ω)
g(x)ht(ϕ(−t, x))
−1χI(ϕ(−t, x))ρ(x)dλ(x)
=
∫
Ω
g(ϕ(t, x))ht(x)
−1χI(x)ρ(ϕ(t, x))|∂2ϕ(t, x)|dλ(x).
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Since ∂2ϕ(t, x) = exp(
∫ t
0 F
′(ϕ(s, x))ds) we obtain for some constant C > 0 by an
application of Fubini’s Theorem and Ho¨lder’s Inequality∫
[0,∞)
|〈g, StχI〉|dλ(t) ≤
∫
[0,∞)
∫
I
|g(ϕ(t, x))||ht(x)
−1|ρ(ϕ(t, x))∂2ϕ(t, x)dλ(x)dλ(t)
=
∫
I
∫
[0,∞)
|g(ϕ(t, x))||ht(x)
−1|ρ(ϕ(t, x))∂2ϕ(t, x)dλ(t)dλ(x)
≤
∫
I
(∫
[0,∞)
|g(ϕ(t, x))|qρ(ϕ(t, x))∂2ϕ(t, x)dλ(t)
) 1
q
·
(∫
[0,∞)
|ht(x)|
−pρ(ϕ(t, x))∂2ϕ(t, x))dλ(t)
) 1
p
dλ(x)
=
∫
I
(∫
[0,∞)
|g(ϕ(t, x))|qρ(ϕ(t, x))∂2ϕ(t, x)dλ(t)
) 1
q
(8)
·
(∫
[0,∞)
ρ−t,p(x)dλ(t)
) 1
p
dλ(x)
≤
∫
I
(∫
[0,∞)
|g(ϕ(t, x))|qρ(ϕ(t, x))∂2ϕ(t, x)dλ(t)
) 1
q
dλ(x)
·C
1
p
(∫
[0,∞)
ρ−t,p(β)dλ(t)
) 1
p
,
where we used (6) in the last step with β = sup I in case of F|I > 0, respectively
β = inf I in case of F|I < 0. Since TF,h is chaotic, we have by [7, Theorem 1 and
Remark 6]
(9)
∫
[0,∞)
ρ−t,p(β)dλ(t) <∞.
Using Ho¨lder’s Inequality, Fubini’s Theorem, and the Transformation Formula for
Lebesgue integrals we further have
∫
I
( ∫
[0,∞)
|g(ϕ(t, x))|qρ(ϕ(t, x))∂2ϕ(t, x)dλ(t)
) 1
q
dλ(x)
≤ λ(I)
1
p
(∫
I
∫
[0,∞)
|g(ϕ(t, x))|qρ(ϕ(t, x))∂2ϕ(t, x)dλ(t)dλ(x)
) 1
q
= λ(I)
1
p
(∫
[0,∞)
∫
ϕ(t,I)
|g(x)|qρ(x)dλ(x)dλ(t)
) 1
q
(10)
= λ(I)
1
p
(∫
Ω
∫
[0,∞)
χϕ(t,I)(x)dλ(t) |g(x)|
qρ(x)dλ(x)
) 1
q
≤ λ(I)
1
pC
1
q
( ∫
Ω
|g(x)|qρ(x)dλ(x)
) 1
q
,
for some constant C > 0 by Lemma 4. Combining (8), (9), and (10) we conclude
∀ g ∈ Lqρ(Ω) : [0,∞)→ C, t 7→ 〈g, StχI〉 is integrable
which imlpies by [8, Theorem 4.5] the Pettis integrability of t 7→ StχI .
Finally, let g ∈ Lqρ(Ω) and let I ⊂ Ω\{F = 0} be a compact interval. As above,
one derives for t ≥ 0
〈g, TF,h(t)χI〉 =
∫
I
χϕ(t,Ω)(x)g(ϕ(−t, x))ht(ϕ(−t, x))ρ(ϕ(−t, x))∂2ϕ(−t, x)dλ(x),
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so that because ∂2ϕ(−t, x) = exp(−
∫ 0
−t F
′(ϕ(s, x))ds) for x ∈ ϕ(t,Ω) by the same
kind of arguments as above∫
[0,∞)
|〈g, TF,hχI〉|dλ(t) ≤
∫
I
(∫
[0,∞)
χϕ(t,Ω)(x)|g(ϕ(−t, x))|
q∂2ϕ(−t, x)ρ(ϕ(−t, x))dλ(t)
) 1
q
·
(∫
[0,∞)
χϕ(t,Ω)(x)|ht(ϕ(−t, x))|
p∂2ϕ(−t, x)ρ(ϕ(−t, x))dλ(x)
) 1
p
dλ(x)
=
∫
I
(∫
[0,∞)
χϕ(t,Ω)(x)|g(ϕ(−t, x))|
q∂2ϕ(−t, x)ρ(ϕ(−t, x))dλ(t)
) 1
q
(11)
·
(∫
[0,∞)
ρt,p(x)dλ(t)
) 1
p
dλ(x)
≤
∫
I
(∫
[0,∞)
χϕ(t,Ω)(x)|g(ϕ(−t, x))|
q∂2ϕ(−t, x)ρ(ϕ(−t, x))dλ(t)
) 1
q
·C
1
p
(∫
[0,∞)
ρt,p(β)
) 1
p
,
where we again used (6) in the last step with β = sup I in case of F|I > 0, respec-
tively β = inf I in case of F|I < 0. Since TF,h is chaotic, we have by [7, Theorem 1
and Remark 6]
(12)
∫
[0,∞)
ρt,p(β)dλ(t) <∞.
Continuing as above∫
I
(∫
[0,∞)
χϕ(t,Ω)(x)|g(ϕ(−t, x))|
q∂2ϕ(−t, x)ρ(ϕ(−t, x))dλ(t)
) 1
q
≤ λ(I)
1
p
( ∫
[0,∞)
∫
ϕ(t,Ω)
χI(ϕ(t, ϕ(−t, x)))|g(ϕ(−t, x))|
qρ(ϕ(−t, x))∂2ϕ(−t, x)dλ(x)dλ(t)
) 1
p
= λ(I)
1
p
( ∫
Ω
∫
[0,∞)
χI(ϕ(t, x))dλ(t) |g(x)|
qρ(x)dλ(x)
) 1
q
≤ λ(I)
1
pC
1
p
( ∫
Ω
|g(x)|qρ(x)dλ(x)
) 1
q
,
for some suitable constant C > 0 by Lemma 4. Combining this with (11) and (12)
gives
∀ g ∈ Lqρ(Ω) : [0,∞)→ C, t 7→ 〈g, TF,h(t)χI〉 is integrable.
Thus, again by [8, Theorem 4.5] t 7→ TF,h(t)χI is Pettis integrable which proves the
theorem. 
Example 5. We consider Ω = (0, 1) and F (x) = −x. Then, (0, 1) is forward
invariant under F and {F = 0} = {x ∈ Ω;F (x) = 0} = ∅. For every h ∈ C[0, 1] for
which
(13) [0, 1]→ C, x 7→
h(x) − Reh(0)
x
∈ L1[0, 1]
it follows that hypotheses a) and b) of Theorem 2 are satisfied. Moreover, since
F ′ and Reh are bounded, ρ = 1 is p-admissible for F and h, so that TF,h is a
well-defined C0-semigroup on L
p(0, 1). Its generator is given by
Af(x) = −xf ′(x) + h(x)f(x)
with domain
D(A) = {f ∈ Lp(0, 1);x 7→ −xf ′(x) + h(x)f(x) ∈ Lp(0, 1)},
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where the derivative is to be understood in the distributional sense (see e.g. [2,
Theorem 15]).
The first order partial differential equation
∂
∂t
u(t, x) = −x
∂
∂x
u(t, x) + h(x)u(t, x), t > 0, x ∈ (0, 1)
with initial condition
u(0, x) = v(x), x ∈ (0, 1)
is called the (linear) von Foerster-Lasota equation. For the corresponding C0-
semigroup the following are equivalent.
i) Reh(0) > − 1
p
,
ii) TF,h is hypercyclic on L
p(0, 1),
iii) TF,h is chaotic on L
p(0, 1),
iv) TF,h is frequently hypercyclic on L
p(0, 1).
Indeed, (13) implies the equivalences of i) to iii) (cf. [2, Theorem 27]) while iv)
follows from iii) by Theorem 2 and iv) trivially implies ii).
For real valued h satisfying (13) it was shown by Dawidowicz and Poskrobko in [4]
that TF,h is strongly stable whenever h(0) ≤ −1/p. Thus, there is a very strong
dichotomie in the dynamical behavior of the von Foerster-Lasota semigroup on
Lp(0, 1).
3. Weighted composition C0-semigroups on Sobolev spaces
Given a bounded interval (a, b) and F ∈ C1[a, b] with F (a) = 0 such that (a, b) is
forward invariant under F . Moreover, let h ∈ W 1,∞[a, b] be such that
1) ∀x ∈ {F = 0} : h(x) = h(a) ∈ R,
2) the function [a, b]→ R, y 7→ h(y)−h(a)
F (y) belongs to L
∞[a, b].
In [2] it is shown that then the operator
Ap : {f ∈ W
1,p[a, b]; Ff ′′ ∈ Lp[a, b]} →W 1,p[a, b], Apf = Ff
′ + hf,
where the derivatives are taken in the distributional sense, generates a C0-semigroup
SF,h on W
1,p[a, b] (1 ≤ p <∞) given by
∀ t ≥ 0, f ∈W 1,p[a, b] : S(t)f(x) = ht(x)f(ϕ(t, x)).
By [2] this C0-semigroup SF,h is never hypercyclic onW
1,p[a, b]. In particular, SF,h
cannot be frequently hypercyclic nor chaotic on W 1,p[a, b].
Since F (a) = 0, the closed subspace
W 1,p∗ [a, b] := {f ∈W
1,p[a, b]; f(a) = 0}
of W 1,p[a, b] is invariant under SF,h such that the restriction of SF,h to W
1,p
∗ [a, b]
defines a C0-semigroup on W
1,p
∗ [a, b] which we denote again by SF,h. Its generator
is given by
Ap,∗ : {f ∈ W
1,p
∗ [a, b]; Ff
′′ ∈ Lp[a, b]} →W 1,p[a, b], Ap,∗f = Ff
′ + hf,
see [2]. By [2, Proposition 18, Theorem 20, and Proposition 24] the above C0-
semigroup SF,h on W
1,p
∗ [a, b] is linearly conjugate to the C0-semigroup TF,F ′+h(a)
on Lp(a, b), i.e. there is a continuous linear bijection Φ : Lp(a, b)→W 1,p∗ [a, b] such
that
∀ t ≥ 0 : SF,h(t) = Φ ◦ TF,F ′+h(a)(t) ◦ Φ
−1.
Hence, we can apply the result of the previous section once we have proved the
following proposition.
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Proposition 6. Let X1, X2 be Banach spaces, T1, T2 be C0-semigroups on X1, resp.
X2 such that T1 satisfies the Frequent Hypercyclicity criterion. Moreover, assume
there is a continuous linear injective operator Φ : X1 → X2 which has dense range
and which satisfies
∀ t ≥ 0 : T2(t) ◦ Φ = Φ ◦ T1(t).
Then, T2 satisfies the Frequent Hypercyclicity criterion.
Proof. By hypothesis there are a dense subset X0 ⊆ X1 and maps St : X0 → X
such that t 7→ T1(t)x as well as t 7→ Stx are Pettis integrable in [0,∞) for all
x ∈ X0, and such that T1(t)Stx = x and T1(t)Srx = Sr−tx whenever x ∈ X0 and
r > t > 0.
Since Φ has dense range, Φ(X0) is dense in X2 and the injectivity of Φ ensures that
for t ≥ 0
S˜t : Φ(X0) → X2,Φ(x) 7→ Φ(Stx)
is well-defined. Using the transposed Φt of Φ it is straight forward to show that for
all x ∈ X0 the mappings t 7→ T2(t)(Φ(x)) = Φ(T1(t)x) as well as t 7→ S˜t(Φ(x)) =
Φ(Stx) are Pettis integrable in [0,∞) for every x ∈ X0.
Trivially, T2(t)S˜t(Φ(x)) = Φ(x) and T2(t)S˜r(Φ(x)) = S˜r−t(Φ(x)) for every x ∈ X0
and r > t > 0 so that T2 satisfies the Frequent Hypercyclicity criterion. 
Theorem 7. Let (a, b) be a bounded interval, F ∈ C1[a, b] with F (a) = 0 such that
(a, b) is forward invariant under F . Moreover, let h ∈W 1,∞[a, b] be such that
1) ∀x ∈ {F = 0} : h(x) = h(a) ∈ R,
2) the function [a, b]→ C, y 7→ h(y)−h(a)
F (y) belongs to L
∞[a, b].
Then, for the C0-semigroup SF,h on W
1,p
∗ [a, b] the following are equivalent.
i) SF,h is chaotic.
ii) SF,h satisfies the Frequent Hypercyclicity criterion.
Proof. As in the proof of Theorem 1 we only have to show that i) implies ii). As
mentioned before Propositon 6, under the hypothesis of the theorem, it is shown in
[2] that there is a continuous linear bijection Φ : Lp(a, b)→W 1,p∗ [a, b] such that
∀ t ≥ 0 : SF,h(t) = Φ ◦ TF,F ′+h(a)(t) ◦ Φ
−1.
Now, if SF,h is chaotic, applying the Comparison Principle [5] it follows that
TF,F ′+h(a) is chaotic on L
p(a, b). Hence, by Theorem 1, TF,F ′+h(a) satisfies the
Frequent Hypercyclicity criterion. An application of Proposition 6 therefore proves
the theorem. 
Example 8. We consider again the linear von Foerster-Lasota equation, i.e.
∂
∂t
u(t, x) = −x
∂
∂x
u(t, x) + h(x)u(t, x), t > 0, x ∈ (0, 1)
with initial condition
u(0, x) = v(x), x ∈ (0, 1).
Now, we also impose the boundary condition
u(t, 0) = 0, t > 0.
If h ∈ W 1,p[0, 1] with h(0) ∈ R and y 7→ h(y)−h(0)
y
∈ L∞[0, 1], we can invoke our C0-
semigroup S−id,h on W
1,p
∗ [0, 1] to obtain a solution to the above initial-boundary
value problem, whenever v ∈ W 1,p∗ [0, 1].
For the dynamical properties of this C0-semigroup on W
1,p
∗ [0, 1] the following are
equivalent.
i) h(0) > 1− 1
p
,
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ii) S−id,h is hypercyclic on W
1,p
∗ [0, 1],
iii) S−id,h is chaotic on W
1,p
∗ [0, 1],
iv) S−id,h is frequently hypercyclic on W
1,p
∗ [0, 1].
Indeed, the equivalences of i) to iii) are shown in [2, Theorem 27]) while iv) follows
from iii) by Theorem 7 and iv) trivially implies ii).
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